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ABSTRACT: We present a complete basis of multi-trace multi-matrix operators that has a
diagonal two point function for the free matrix field theory at finite N. This generalises
to multiple matrices the single matrix diagonalisation by Schur polynomials. Crucially, it
involves intertwining the gauge group U(/V) and the global symmetry group U(M) with
Clebsch-Gordan coefficients of symmetric groups S,,. When applied to N/ = 4 super Yang-
Mills we consider the U(3) subgroup of the full symmetry group. The diagonalisation
allows the description of a dual basis to multi-traces, which permits the characterisation of
the metric on operators transforming in short representations at weak coupling. This gives
a framework for the comparison of quarter and eighth-BPS giant gravitons of AdSs x S°
spacetime to gauge invariant operators of the dual N' =4 SYM.
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1. Introduction

N = 4 super-Yang Mills with U(V) gauge group has six N x N hermitian scalar matrices
which can be organised into three complex scalar matrices. At zero Yang Mills coupling,
the gauge invariant holomorphic functions of the matrices give rise to 1/8 BPS operators
and by the operator-state correspondence, 1/8 BPS states. These states have a metric
determined by the two-point function. The space of holomorphic operators can be organised
into representations of a U(3) subgroup of the SO(6) R-symmetry. When we consider
the analogous problem with a single complex matrix, we have U(1) symmetry, and the
operators are half-BPS. The diagonalisation of the two-point function is accomplished by a
basis of Schur polynomials [[l]. Thanks to the AdS/CFT duality [f], this allows a map from
gauge theory states to giant gravitons [f, i and LLM [§] geometries in AdS-spacetime. In
this paper we will solve the analogous diagonalisation problem for the 1/4 and 1/8-BPS
operators. The 1/4-BPS case involves a U(2) subgroup of the U(3).

We will consider, in general, a U(/V) gauge theory with global U(M) symmetry. We
have complex scalar fields which are valued in the adjoint representation of the gauge
group U(N). The fields (X,)% (where a is a fundamental U(M) index and i and j are

J
U(N) indices) have a free field correlator with index structure

(X5 XDE) = dun 0167 (11)

We have ignored the trivial spacetime dependence |xq — x2|~2 of the correlator, which is
determined by conformal symmetry. While our primary interest is in the four-dimensional



gauge theory, our main results have to do with the colour and flavour structure of the
operators. Hence they are equally applicable to the reduced matrix models in one or zero
dimension as long as the correlator ([[.1]) is valid.

We can build gauge-invariant polynomials in these fields by taking traces over the U(NV)
indices of polynomials in the X,. For example if M = 2 we have fields X and Y and we can
build operators such as tr(XXY') and tr(XX) tr(Y). In this paper, we provide a complete
linearly independent basis that spans these multi-trace multi-field operators. It has the
correct counting of multi-trace multi-field operators given by Pdlya theory. Furthermore it
diagonalises the metric at zero coupling for finite N.

1.1 Summary of main results

We give here a summary of our key results. We find that a complete diagonal basis of
multi-trace multi-matrix operators is given by operators of the form (.29):

AR 1 -
Oty = — > Bjg ST EE DR () tr(a XH)

The Dﬁl in this equation are matrix elements of the symmetric group on n letters, in the
irreducible representation (irrep.) R. R also labels an irrep. of U(N); A labels an irrep.
of U(M). X* is an abbreviated notation for a tensor product of n matrix fields and the
trace is being taken in V®", where V is an N-dimensional vector space, the fundamental
representation of U(NN). The S factor is a Clebsch-Gordan coefficient coupling a tensor
product of irreducible representations R ® R of the symmetric group to the irrep. A.
The B-factor is a branching coefficient for the restriction of the representation A of the
symmetric group S, to the trivial one-dimensional irrep. of its subgroup S,,; xS, - - - xS,
In the case at hand we are considering three complex matrices so M = 3. pu1,us, ps
give the numbers of the 3 complex matrices in the operator. The branching coefficients
are explained in more detail in section P.3. Useful formulae on relations between matrix
elements and Clebsch-Gordan coefficients are collected in appendix [Al The proof that the
operators () provide a complete set of gauge invariant multi-matrix operators is given
at the end of section B.G. The diagonality of the two-point function

<(9211fii1)ﬂ1 01222’};;2),32> _ s Ou® shins 551625R1 Reg. |HH(1)d|2DlmR1
Ry

is derived as (B.29) in section B.2.d. |H,| is the dimension pq!us!--- pas! of the group

HH = Sﬂl X Sﬂz s X SHM‘

As a prelude to the discussion of gauge invariant operators in section [, we consider in
section P the counting and two-point functions of untraced covariant operators. The math-
ematics of Schur-Weyl duality which relates representations of symmetric groups to those
of unitary groups appears repeatedly in this paper. Section P| uses the relation between
irreps A of S, associated to a Young diagram A with n boxes, and the corresponding irrep
of U(M). Section P uses the relation between irreps R of S,, and the corresponding irrep of

U(N). Section || describes the extension to fermions, where the U(M) global symmetry is



replaced by U(M;|Ma). Section [f describes the generalisation from two-point to multi-point
correlators. We focus on extremal correlators which have non-renormalisation properties
due to supersymmetry. Section [ gives a general description of the finite N projector on
multi-matrix multi-traces. While the diagonality (B.2) is derived at zero-coupling, thanks
to supersymmetry, it has implications for weak and strong coupling physics. Section [
describes the disentangling of operators which are in long representations at weak coupling
from those that are genuine non-renormalised 1/8-BPS operators, and a characterisation of
the metric on these operators. This allows a discussion of relations to the physics of giant
gravitons at strong coupling and the related harmonic oscillator system. Since our key re-
sults depend only on the basic formula (D), they also apply to reduced matrix theories of
multiple matrix fields in lower dimensions, such as 0 or 1. In the case of the reduced quan-
tum mechanics considered in section [7.3, i.e 1-dimensional reduction, we discuss multiple
commuting Hamiltonians related to the diagonal basis.

2. Gauge-covariant operators

Consider tensor products of operators of the form

O0(@) = Xa, ® Xo, ® - ® X, (2.1)

forming words of length n. The a; can take values from 1 to M. The operators correspond
to states in V7" where Vi is the fundamental representation of U(M); this dictates the
action of U(M) on this operator. Their number is M".

There is also an action of the permutation group o € S, on these operators given by
re-ordering

X,

Go=1(1)

® X

%=1(2)

® - ® X (2.2)

—t(n)

If we recall that X, is an N x N matrix, i.e a linear transformation of an N-dimensional space
V, then the word (B-]) is a linear transformation of V®™. It follows that the permutation
of operators can be achieved by a conjugation

X

G5—1(1)

®Xa 1 @ ®Xq =0 X4, 90X, @ ®@X,, 0" (2.3)

-2 —1n)

where the permutations are now acting on the n factors in V®". In terms of indices,
permuting the operators is equivalent to a simultaneous permutation of upper and lower
indices. In the remainder of this section, we will be primarily interested in the U(M) x S,
action on the operators.

Since the U(M) and S,, actions commute we have by Schur-Weyl duality (see for

example [B, [))
Ve — g, VI g v (2.4)

The sum here is over Young diagrams A with n boxes and at most M rows that correspond
to representations both of U(M) and S,,.



The content of (R.4) is that there exists an invertible transformation C&’T&in from the
multi-index tensors to the irreducible representations of U(M) x S,,.

dpx DimpysA
Xy Xy @ @ Xg, =3 ). Y. CHIMOL (2.5)

AFni=1 m=1
Here ¢ labels the dj states of the S,, representation A and m labels the Dimp;A states of
the U(M) representation A.
The inverse is

Ohy = 3 Ol Xy ® Xy @ © X, (2:6)

b Z7m
aj...an

2.1 Counting

Consider O(@) as in (B1]), with a1, - - - a,, chosen such that we have a fixed field content, i.e.
fixed numbers of X1, Xs... Xy given by pi, po ... par. We will denote this set of integers
as (1. Such operators can be written as

Oto)y=o- XM @XM @ @ Xy™M ot =0 Xt o™ (2.7)

for some o € S,,. We have used the abbreviation X* for X1®“1 ® X?“Q R ® X?J’LM.
Fixing @ to take values from 1--- M determines p and o. The number of operators with
fixed p is

n!

- 2.8
palpg! - par! (2:8)

which is the number of ways of choosing n objects, with p; of one kind, puo of a second
kind, and so on up to g of the M’th kind. This is also the coefficient of /.- 24}

n

in the polynomial (z1 + --- + zp)". From a group theory perspective we are counting

operators (R.7) up to the symmetry
o Xt ot = oh Xt Rt (2.9)

where the action of h € H, = S, X S, ---S

23.%%

quotient on the right by H,, and count elements in the quotient group S, /H, which has

leaves X* unchanged. Thus we should

size

| S n!
Sn/H,| = = 2.10
The words of fixed content u form a vector space of dimension ||I‘3’;‘|. Now we want to

understand the relation between the choice of y and the decomposition (B-4) into Young
diagrams. What is the dimension of the space of tensors of fixed A when we restrict the

content to be specified by u 7 Equivalently this is the number of states in VAU ™M & VAS "
which transform in the irrep. u of the U(1)M subgroup of U(M).
For a fixed irrep VAU (M) this number is
gl (2], - - [pad]; A) = g(ps A) (2.11)



This is the Littlewood-Richardson coefficient for the appearance of A in the tensor product
of trivial single-row representations of U(M) [p1] ® -+ ® [uar]. This is also known as the
Kostka number and counts the number of U(M) states of A with field content p. Since
the irrep VIP M) 4ecurs in tensor space with multiplicity da, we have Y, g(p; A)dp states

in VA‘?}” with fixed content p. A combinatoric implication is

n! |Sh|
Y N daglA) = 2.12
= o) = (7 (212)

pr!

This is an identity which follows from properties of symmetric group representations.

2.2 Operators and correlators

Now we are going to implement the map (.6) that takes us from VJS” to a state in
V/{J (M) ® VAS " in order to write down a linearly independent basis of covariant operators.
To understand where this basis comes from, we consider the two point function.

To work out the two point function we must reintroduce the U(N) indices. Each X, is
a complex matrix in End(V'), where V' is an N-dimensional vector space, the fundamental of
U(N). Words of length n are elements of End(V®"). We write the U(NV) indices compactly

as

(Xay)} ® -+ ® (Xa,)j: = X (2.13)
Using the U(N) correlator (1) we get for the operator X# = X©" @ ... ® XE”M
(XMFXME) =D L HY (2.14)
YEH,

The sum over v € H, = 5, x --- x §

s is over all the possible ways of contracting the

X1’s, Xy’s, etc. of the two operators.
Next consider the operator (R7). Following the basic correlator (B-14) we find (see
figure )

((0"(@))) (O"(@2)E ) = (o1 X a7 (02X a5 )E)

= (oryo3 ) i(oay oy DY (2.15)
YEH,

It is useful to Fourier expand the group algebra in terms of matrix elements of irre-
ducible representations, which are known to give a complete set of functions on the group
by the Peter-Weyl theorem

v

oM — % S DA (0)0%(0) (2.16)

The sum o is over all elements in .5,,, and we are relating operators labelled by o to operators
labelled by (A,i,j). Here DlAj(a) is a representing matrix of the S, representation A. i
and j range over the states of this representation, going from 1 to the dimension dy. In
particular we choose orthogonal representing matrices obeying

Dji(o71) = D} (o) (2.17)
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Figure 1: Two-point function for covariant operator.

such as the ones constructed in Hamermesh [§].
The two point function of the Fourier-transformed operators (’)g}” is

€) 2) s u® _ _
(ORI HONE) = == YD (00) Do) (X o7 ) (0oX Y oy )

' 2 117 7 ]
(n) =, 1J1 272
(1) ,,(2)
5u B A N i L ow
— D> Y Di(o1) DR (o) (o105 )i (o2 or )]
o1,02yeH (1)
s u® N N
- - I/, —1\K
- (n!)2 Z Z D11‘171(O-1) Dm?g(T 'o17) (T)r(7 l)J
' leT’YEHH(l)

(2.18)

The diagonality in p®), 1) follows easily from Wick’s theorem and (CA)). In the last line
we have replaced the o2 sum over S,, by a 7 sum over S, where 7 = o1v0, 1. We can now
expand out D232 (7o)

(1) ,(2)
Ay Aop(2 or Tk A A
(O IO ) == 2 X2 Dilh(on) D) (2.19)
’ 0'177'“/€HM(1)

x D£5<01>D£;< ) (L Hk

_opMp@ A A ‘ (1)‘ Z —INT
=0 o7 nldy, J1J2 D1122 ( )L

We have defined I' = Wlu)l Z’YEH‘L(U v, where [H o] = uﬁl)! . ":“5\14)!' In the second line
we performed the sum over oy using identity (A-J) from appendix section ] on formulae.

ka(f‘) is a projector from the representation space of A onto the subspace which is
invariant under H, = H,u) = H,@2. The irreducible representation A of S, gives, by
restriction, a representation of H,, generally reducible. One can decompose it in terms of
irreps of H,. The projector I" picks out the trivial irrep 1(H,,) in this. This occurs with a

multiplicity g(u; A). We can write D§\1J2( ) = (A, 71|T|A, j2) as

(A, 1 [TIA, G2) =D (A, 51| A(Sn) = 1(Hp); B) (A(Sn) — 1(Hy), BA, ja) (2:20)
B



The index [ runs over an orthonormal basis for the multiplicity of the trivial irrep. 1(H,).
Using the orthonormality of 3 and inserting a complete set of states

5[31[32 = (A(Sn) - 1( ) 51’A(Sn) - 1(Hu)752>

dp
Z Sn) Hy), il 5) (A §IA(Sn) — 1(Hy), B2) (2.21)

This gives an orthogonality relation for the branching coefficients (A(S,) — 1(H,), B|A, 7).
From the reality of the symmetric group irreps.

See [{] and appendix [J for calculations of these branching coefficients. To save space we
shall define

Bjg = (A, j|A(Sn) — 1(Hy), B) (2.23)

It should be clear from the context which A and p are being used.
Now we use these orthogonality properties to define

O = Z Bjg O (2.24)

Note that the number of operators @f\ﬁ” is dpg(p; A) since @ runs over dy values and 3 runs
over g(pu; A) values. This therefore correctly counts the covariant operators and gives the
explicit map (R.6) from V®" to a state in VU(M) ® Vi " for which we have been looking,

-1
oM = Z Bjs — ZD ) o XF o (2.25)

Note that together p and [ give us the U(M) state m. Furthermore, using equa-
tions (R.19) (R.21)) and (P.23) we see that these operators (’)Z.Aﬁ” have a simple 2-point function

Aqpp® Ao D) (2 A A ‘H (1)‘
((ONHYS O ) = g ghadagy 5~

ZDM e hi o (2.26)

2.3 Basis from projection

We can also understand our basis as a projection onto a linearly-independent subspace of
the @2” . The general theory is outlined in appendix [B.

The set of operators (’A);;” appear to be giving d?\. We know that the dimension of the
representation A with field content p is instead dag(u; A). The operators (’5;}” are not in
fact linearly independent. This is because permutations in H,, leave the X* fixed. For any
permutation v € H,, we have O#(c) = OF(ovy). For the Fourier transform, we have by
relabelling 0 — o7y and using DZ](U’}/ Hh=3%, D%(U)ka(y), that

O = DA (1OY  W¥yeH, (2.27)



Here the j index belongs to the representation A and this equation says that we seek the
subspace which is invariant under the subgroup H,,.
So we seek operators, Of\j” such that

oM =3O DA.(T) (2.28)
k

which, using equations (2.20) (£.23) (R.29), becomes

AA AA
O =Y 0,'BisBig (2:29)
k.3

This is precisely the situation outlined in B. According to the analysis there, a basis
for such operators is therefore given by

A
OM = "Bz O (2.30)
J
which is exactly the operator we found to have nice diagonality properties for the two point
function.
2.4 Recovering the permutation basis

Given the map (£:25) from operators O*(o) of (B.3) labelled by permutations, to operators
@ZA” labelled by irreps A and states 1, j, we would also like to invert it, i.e. to provide the

map (R.§) from (’A)ZAﬁ“ to Ok (o). From (£:29) we have
AN
=3 B0, (2.31)
B
so we simply have to find the inverse of the Fourier transform (2.14) to give O%(c) in terms
of OM
ij

ZZdAD 7O (2.32)

This can be shown by using >, ; D{‘j(al)Df\j(ag) = xa(o105 1) and that the expansion of
the delta-function over the symmetric group in terms of characters is

da

o) =) —rxalo) - (2.33)
A
Putting these together we find
= Z Z dpaD Bw(’) . (2.34)
A ik B

We know that @“(a) span the vector space of all covariant operators and they can be given
as linear combinations of the operators (’A)?ﬁ” according to (R.34). Furthermore we know
that the (’A)ZAﬁ” have the correct counting, and so we have shown that they provide a basis
for the space of all covariant operators.



2.5 U(M) x S,, transformations

In this section we show that the index i in @ZAﬁ” transforms according to irrep A of the
symmetric group, and that the index 3 (together with p) transform according to the irrep
A of U(M). For the reader who is prepared to accept this, we recommend skipping ahead
to section f]. To demonstrate this we need to show that the S, action is a left-action on o
and U(M) is a right-action.

2.5.1 S, action
The action of 7 € S,, as defined in (R.3) is

OH(o) — O*(10) (2.35)
Thus

o — ZD o) O*(10) ZD” 7 1p)O"(p) = DA (O (2.36)

It only acts on the ¢ index.

2.5.2 U(M) action

In order to describe the action of U(M) it is convenient to introduce the following operator,

2] ai...an Z D Og: a1...an (237)

where a; are U(M) indices and

@U;al...an =0 - Xa1 & Xa2 e ® Xa . O'_1 (238)

n

Under a U(M) transformation X, — Zyzl ga” Xy and so

A
Zj a Z gaa O@J al (2.39)
where @ is short-hand for ai...a, and g¢z% stands for galall...gan“;l. This is
the group action, if instead we consider the the action of the Lie algebra then
we have 0X, = Zﬂglga“/Xa/ and 5(9:}[1 = > .0 Of\ja/w where ¢;% =

S 5 ) (5(12‘ b ggg (5(12‘1} . 5% , but everything else follows.

a=1
As we saw in (R7) the operators O(@) can be written as O#(s). The sum over all

possible values for @ can be written as
> o Z Z —O“ (2.40)

where the division by |H,| accounts for the fact that @ determines a unique p but not a
unique o.

— 10 —



So under a U(M) transformation we have

A o
O = _ 9" Ofa (2.41)
1 o_/ ! A A ]
:ZZ \Hu/\g“ g ZDU(U)OZLU/ (2.42)
Wooo e
1 ol ! ~
:ZZ |H ,|9M g ZD&(U)(’)@L D]Ak(U/) (2.43)
o K o

1 VN AA !
=22 o D)0y (2.44)
W o [H,|

and we see that the U(M) transformation leaves the A and i unchanged. The linearly
independent operators O?ﬁ” => j Of}” Bjs then transform as

AN 1 o' u A AN
O =2 T, Y BisDj (0" Oy (2.45)
/”/ O—/ ]

=2 2.2

W o'€Sn jk p

1 !0 A /\A !
0" BP0 Brar O (2.46)

Here to obtain the second line we have used (R.31)).
To summarise we can say that under a U(M) transformation

A '8 A
O =YY g O (2.47)
ul /8/
where
1= 1 /!
o'€Sn jk B

Again the Lie algebra follows precisely from this by making ¢ infinitesimal.

2.5.3 U(M) highest weight

The highest weight state (HWS) of the U(M) representation has a particularly simple
form. The HWS has p = A and since g(A;A) = 1, 3 takes only one value. Therefore
the projector D;;(I') projects onto a one-dimensional subspace. We can always choose
representing matrices such that

Dij(T') = 61i61; (2.49)

giving the branching coefficients B;g = d1;. Hence the basis of highest weight states is
given by the operators

7

— 11 -



and all operators are obtained by applying lowering operators to these (the precise action
of U(M) on the operators is given in section P.5.2).

It is common to give irreducible representations of U(M) by using Young projectors
acting on the tensor product of fundamental representations. This procedure is closely
related to our method - in particular the highest weight state will be similar to (R.50)
with Dﬁ replaced by the Young projector PiA - but does not lead to a diagonal two-point

function.

3. Gauge-invariant operators

We will now construct the corresponding basis for gauge-invariant operators made from
multi-traces of multi-fields. As before, it is instructive first to consider the counting of such
operators.

3.1 Counting

The formula for the number N (uq,...upr) of gauge-invariants operators (including multi-
traces) made from fields p; of Xi, pug of Xo, ... upr of Xy at large N is given via Polya

122.%

theory to be the coefficient of 4" - - - z/{}' in the partition function

o0 1
Zy(N—oo)(Ti) = = N(p1,...par)at - ah) (3.1)
gl—(x’f+~-+xﬁ4) Zu:

This coefficient is

N(pr, .. par) = Y Y C(R, R, A)g(i; A) (3:2)
R A

R is a representation of S,, and A is a representation of U(M) and S,,, where n = >, .
C(R,R, ) is the coefficient of A in the (inner) tensor product R ® R of S, representa-
tions. In this formula the Littlewood Richardson coefficient g(y; A), see equation (R.11)), is
counting states in the U(AM) representation A with field content p and ), C(R, R, A) is
counting the number of gauge-invariant multiplets for A.

This formula is discussed in [[[(] for the finite N case (developing the large N results
of [[L1], 1)), where the Clebsch-multiplicities appear in properties of symmetric polynomials,
from the free field partition function. We give a short proof here of the simpler large N
case.

C(R,S,T) is given by

1
C R7 S,T - P —— O' O~ Ci 33
(ST = 2, gm0 (33)
C; represents the conjugacy class of S, with ¢; 1l-cycles, io 2-cycles, ..., n-cycles.

|Sym(Cj)| is the size of the symmetry group of the conjugacy class Cj. We can imme-
diately simplify )" C(R, R, A) using the orthogonality relation

> xr(p)xa(r) = [Sym(r)| §([r] = [o]) (3.4)
R

— 12 —



to get

Y CR,RA) =Y xa(Cy) (3.5)
R

CieSy

N(pa,...par) is the coefficient of z}" -+ - 24} in
i 1
_ ] 2 2 \io
7’ — = (14 Fam) (@i +-+ay)?-- (3.6)
For any symmetric polynomial P the coefficient of f" - -- 24} is given by
[Py = ZQ(MS A)[A-P] [A1+M—1,A0+M—2,...Ap] (3.7)
A

A is the discriminant A(z) = [[,;(z; — ;). This formula is given in section 4.3 of Fulton
and Harris [[j. Thus

N(pryeoopnr) = Y > gl A) |A- ]G]+ a)%

iz A s [Ar+M—1,A0+M—2,..A ]
= > g A)xa(Gy)
11,02, A

= ZZC(R, R, AN)g(p; A) (3.8)
R A

In the second line we have identified the Frobenius character formula [[f]. Note that the
quantity summed here can also be recognised as the character of the representation of .S,

induced from the trivial representation of the subgroup S,, x ---S,,,

YA(Ch) =D g(u; A)xa(C) (3.9)
A
A more explicit proof is given in appendix [C1.

3.1.1 Finite N counting

Once we interpret R as a representation of U(/NV) the counting formula

N(p, ) = Y > C(R, R N)g(us A) (3.10)
R A

extends to finite N, where we truncate the sum over R to Young diagrams with at most
N rows. This formula was derived for the finite N case in [[L{].
If we decompose the partition function into U(M) characters

YMay) = Zg(,u;A)a:’flx‘f cah (3.11)
I

then we get

Zywy(@i) = Y C(R, R, A)x () (3.12)
R A

where the coefficient of each character y* in the partition function gives the number of
U(M) multiplets A in the theory.
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Figure 2: Two-point function for the gauge-invariant operator.

3.2 Operators and correlators
3.2.1 The trace basis

We start by defining multitraces O*(«, o) of the basic gauge-covariant operator OH(o)
where the permutation alpha determines the cycles of the trace

O, 0) = tr(aO* (o)) =tr( a0 X1 @ - @ XkM o7 1) = tr(a o X o7 1) (3.13)

The trace is being taken in V®". Using permutations a to parametrize multi-traces is
useful and non-trivial already in the half-BPS case, where a single matrix is involved [I].
o € S, controls the order of the fields and ties in closely with the U(M) representation of
the operator.

This operator has two symmetries that leave it unchanged

(a,0) — (ran~!,70) ©€S,
(a,0) — (a,07) yeH, =S8, x--x8,,, CS,

With the m symmetry we can remove the o dependence of our operator. If we then take
equivalence classes [a] of the equivalence relation

1

o~ yoy” (3.14)

for v € H,, then tr([a] X*) is the independent trace basis. It has the correct counting of
gauge-invariant operators for fixed p field content (see section [C.3).
The two-point function of O¥(«a, o) is given by

<(9“(1)(0z1,0’1) ot (a2,02)> = g > tr(aoyey azoy o) (3.15)
veH, @)

This is easily derived from the diagrammatic presentation of correlators as in figure B

Such diagrammatic manipulations are also useful in deriving properties of half-BPS corre-
lators [|L3].
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3.2.2 A diagonal basis

First we Fourier transform the ¢ and multiply by the branching coefficient as we did for
the covariant case (from here on we will use the Einstein summation convention)

O (a ,ZBJQD ) tr(ao XH o) (3.16)

DZA]- (o) is the orthogonal representing matrix. This operator is the trace with « of the
covariant operator (R.24): (’)Z-Aﬁ“ (a) = tr(« @ZAB“ ). The two point function follows from the
covariant result (P.24)

Ay (D) JUme) (1) 4@ A, A |H|
<Oillﬁﬁ (@ )szﬁz o (a2)>:5u S #0813, Z sz ) tr(a1pazp 1)

(3.17)
The trace is being taken in V" and we have Schur-Weyl duality

ver — gpV ™ g S (3.18)

So we can use tr(c I) = >, x7(0)x7(I) = > 7 x7(0)DimT, where DimT is the dimension
of the U(NV) representation T', to get

(1), |H )| _
g ghidagy o n,ZA E:Dﬁlm E DimT DY, (1) Die(p)D2g(e2) Dy (p~")  (3.19)
* 1
p

Now use the orthogonality of the matrices and identity (A.9) on the p sum

RN e, | dé‘“)' D_DimT Dy(an)Deglan) Y S730a i ST d (3:20)
AT

T

The S here are Clebsch-Gordan coefficients for the (inner) tensor product of S,,. section [A.]]
explains where these come from in more detail.
Next we Fourier transform « in the same way to get the operator

Ot = ZDM Z B;sD2(0) tr(ao X o) (3.21)
If we apply this sum over oy in (B.20) then we can factor out

ZDklll a1)Dgy(ar) = Eﬁl Ok1adlb (3.22)
1

We have used ([A.3). Thus we get

ApM Ry ytA2p® Ry _ suMp® A1 Ay RiRs
<Oi1ﬁ1; klllo i2f2; kol2/ ™ 0 g 061350 X (3.23)
’ MDIle ZST Av Ry Ry grAn Ri Ry
d?\ i1 k1 i2 k2 l2
1

— 15—



Finally we define
AuR - A
oM = 57 L oM 824
Note that 3 runs over 1 to g(u; A) and 7 runs over 1 to C(R, R; A) which are the factors

appearing in the counting (.J). Some of these operators are worked out in appendix [H.
Using (B.29) and the orthogonality of the Clebsch-Gordan coefficients ([A.4)

’Hu(l) ’Dile

(1) (2)
<OA1;/, D Ry (’)TA2M 2 ,R2> — 5“(1)“(2) 5A1A2651,325R1R25T17’2 d2 (325)
R

81,11 B2,7T2

3.3 Simplified operator

The operator Og‘;’R can be written more simply in the trace basis, removing the ¢ redun-
dancy. Take the operator

R ZBJB ST R R DA(6)DE(a) tr(ao XF oY) (3.26)

7

and apply identity (A.§) to ST FE Df\j(a) to get

AR 1 A _
Ol = Qe Zng ST ﬁf D,g,(a)Dg(J)Dfl(a) tr(ao X o 1)
o,a

1 T — —
~ ()2 ZBjﬁ S ’?55 D} (07 ao) tr(o” a0 XH) (3.27)
o,

In the second line we have exploited the fact that we are using orthogonal representing
matrices. Finally we make a substitution of summation variables and do the sum over o

Ot = |ZB ST D}l () tr(a X*) (3.28)

It is easy to check that this operator is constant on the equivalence classes of a given

by (B.14).
3.4 Half-BPS case

The Schur polynomial diagonalisation of [f] is a special case of this operator, when the
representation is the trivial one A = [n] and we consider the highest weight state of this
representation p; = n.

In this case the counting is

ZZCRRA ZCRR 21_ (3.29)

p(n) is the number of partitions of n and we have used the fact that for the trivial repre-
sentation C(R, R, [n]) = 1, since R® [n] = R. Also g(|n]; A) is only non-zero for the trivial
representation A = [n], when it is one.

For the Clebsch-Gordan coefficient we have

. 1
SR = o (3.30)
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This follows from setting 7' to be the trivial representation in (A.g) and then using the
orthogonality relation (A.d). The operator is therefore
1 1
OnR_— _— _oAR _ _— | (X 3.31
\/@ 11kk \/EXR( 1) ( )
3.5 Basis from projection
All gauge invariant operators can be written as linear combinations of operators of the

form O*(a) = tr(ozX1®m R ® X]Q@”M). In order to obtain a basis of operators with the
correct counting we need to mod out by the symmetry

OMa) = O (v Lary) Vye H, (3.32)

Taking the Fourier transform we wish to find a basis for the space of operators (9“}3 =
L5 DE(a)OH () up to the symmmetry

O = Dy (MDD (NO* S, ¥y € Hy, (3.33)

which follows directly from (B.39).

Now O“ﬁ lies in the tensor product of S,, irreps. R ® R (carried by the two indices
k,l) and the problem becomes that of finding the subspace of this which is invariant under
H,,. The projector which projects onto this space is found by taking the sum of all the
permutations in H,,, so we are seeking the set of operators O“ﬁ for which

OHIZ = Pkl;mnouﬁn (334)
1
Kl yem,

If we write DY (7)Df (v) as a matrix in R® R we can decompose it by inserting complete
sets of states

1
71 2 Dim()Di() = (R.k; RIT |R,m; R,n)
‘ ”"yEHM
= Y (R ERIA T s) (A7, s|T|N, 7 t) (N, 7 t|R,m; R,n)
AN Tt

= > (R, k;R,IA, 7,5) (A, 7, 5| T [A,7,1) (A, 7, ¢|R,m; R, )
AT
(3.36)

where I' = 3 -y v/|Hyl. The factors (R, k; R,I[A,7,s) are just the Clebsch-Gordan
coefficients ([A.§), so we can write the projector

Pogn =Y >y _DMT)STY R Rsm} B R (3.37)
A

T 8t

We then write D:\(I') = BygBss as in (R:20) and so we can decompose the projector into
the form ([B.2)

Pkl;mn = Z bkl;ATﬁbmn;A'rﬁ (338)
A7T76

— 17 —



where
briarp = BapST3 1T (3.39)

Now we have precisely the situation described in appendix [B, with the relation (B.d)
following from ([A.6). Therefore

ONR = by argOME = Byss™h B ROME, (3.40)

provides a basis of gauge invariant operators.
Notice that here we started by ignoring the the U(M) aspect of the operators com-
pletely and yet we find the U(M) representation A appearing as before.

3.6 Recovering the trace basis

It will be useful to invert the map so that we can write O*(«) in terms of Og\’i’R. Given
that O¥(a) = O (yay~1), for the operator O = L3 Dfi(a)O"(a) we have

‘ Z ka Dln )Oufln

YEH,
R
= Pkl;mnou

mn

A
= > butargOgly " (3:41)
/\'77-7/8

where we have used the projector identities in the previous section.
Now use

ZdRDkl Dkl ZdRXR Oé « 1 = n!é(o'/o'_l) (342)

to get
OF(a) = tr(o XH) Z drDfi(a)BygS™2 f fORT (3.43)

We know that the O*(«) span the vector space of all gauge-invariant operators and they
can be given as linear combinations of the operators Ogi’R. Since the Og’;’R also have the
correct counting, they provide a basis.

4. Including fermions

It is interesting to extend these results from the case of Lie groups U(M) to super Lie
groups U(M;j|Ms). Indeed the space of eighth BPS operators in N=4 SYM corresponds
to the case U(3|2), the three scalar fields X,Y, Z of the U(3) sector combining with two
fermions, A2, A!; (in the notation of [[4]). The adjoint of the fermions A\!; is denoted Ay,.
The two-point function of the two fermionic fields is then given by

()0 ) = daa 070} (4.1)
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Note that here, as for the bosonic case, we have ignored the x dependence which is (5aa33(1]2 —
ol. 1) /2]y, By taking a limit where separation in time 29, dominates the separations in
space xilz, we have that the two-point function is proportional to &4

The full set of fundamental fields in the sector is thus denoted X, as previously, but
where X, is bosonic for ¢ = 1... M and fermionic for a = M7 + 1... M; + M. The main
difference this makes as far as we are concerned is that we pick up an extra minus sign
when two fermionic fields are swapped. So

(Xa)] (Xp)f, = (—1) XD (x)} (Xa)] (4.2)

7

where we have defined the Grassmann parity of X, as

€(X,) =0 a=1...M (4.3)
€(Xy) =1 a=M +1...M + M

We will also find it useful to define the Grassmann parity of permutations, given X*.
We first define it for transpositions

e((ig)) =0 torj=1...m (4.5)
e((ij)) =1 tand j=mn; +1...n1 +np (4.6)

and extend it to all permutations by insisting that
e(or) = €(0) + €(r) mod 2 (4.7)

Here nq = Zklel 1y is the total number of bosonic fields, and ny = zlﬁéj\z\{fl 1, the total
number of fermionic fields with n = n; + ny. Then the covariant two point function of
operators X* (cf. (R.14) for the bosonic case) contains the following minus sign

(XM5XME) = D) P LGHT (4.8)

and this structure allows us to apply the results from the purely bosonic case with only
minor modification.

Firstly consider the gauge covariant operators. We will proceed in precise analogy to
the bosonic case. We may define operators precisely as in (P.16)

Oy = = 3" D)0 (o) (4.9)

The manipulations of (R.19) then follow through as previously but with the additional minus
sign associated with . This additional minus sign accompanying v means that in the final
line of (R.19), the two-point function, I' becomes I' = |HL#\ z’y c H‘L(_l)s(v)y. This means
that Dé\k(F) becomes a projector from the representation space of A onto the subspace
which is invariant under H up to a sign, ie D{\j (U)Dj-\k(F) = (—1)) DA (T). Since it is a
projector this can be written in terms of branching coefficients as in (R.2(). The Kostka
number becomes equal to the Littlewood-Richardson coefficient for the appearance of A in
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My

Figure 3: Allowed shape for the Young tableau of the representations A of U(M;|Ms).

the tensor product of trivial single-row representations and antisymmetric representations
1] @ -+ @ [pay] @ [P H] @ -+« @ [1#Mi+M2], The formulae for the covariant operators
should all follow through also without additional changes as they are essentially linear
combinations of traces of the covariant operators already considered. In particular the
operators defined in (B.24) or (B.29) are modified only in the afore-mentioned modification
of the branching coeflicients.

Furthermore the counting formula will be identical to (B.§) namely

N(p,- - pnan) = Y C(R R A)g(; A) (4.10)

the only difference being in the definition of the Kostka number and in the allowed repre-
sentations A. The allowed U(AM;|Ms) representations A have the shape as shown in figure §.
The first M7 rows are unbounded, but rather more unusually, the first My columns are also
unbounded. See, for example [[[J] for more information on representations of supergroups
and supertableaux.

4.1 Single fermion

The simplest example involving fermions is given by U(Mi|M2) = U(0|1) corresponding
to a single fermion. The allowed representations A are the totally antisymmetric reps,
A = [1"] and the counting becomes

ZZC’RRA ZCRR [1m]) 21 (4.11)

where the final sum indicates a sum over self-conjugate representations. This follows from
the fact that R®[1"] = R, where R is the partition conjugate to R, obtained by exchanging
the rows and columns of R.

One can count the allowed operators for N > n as follows. Single trace operators
must have an odd number of fields (otherwise they vanish, for example tr(y1)) = 1/1? ¢§- =

—1/);»1,!){ = 0). Multitrace operators are then made of single-trace operators with an odd
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number of fields in each, with the restriction that you cannot have the same single trace
term twice (otherwise it vanishes by anti-symmetry). So all our operators have the form

() (@) @) R > ke > > 20 (4.12)

The map between these operators and self-conjugate Young-tableaux with k; + j boxes in
the jth row and column gives a one-to-one correspondence between multi-trace operators
of a single matrix-valued fermion and self-conjugate Young tableaux.

5. Extremal higher-point correlators

J

We have, using the simplified form of the operators in (B.29)

ArpD R Aop(® R Azpu® R
(0%, 1 (@1) Og2h, ™ (w2) Of S 1(0))

,u® [Hy[Dim Ry
dr,dRr,dR,

_ — (1) 4,(2)
= ] 2n1$2 2n25(u +

57'1,1\1 R1 Ry 57'271\2 R2 Ry STS,AS R3 R3

J1 P11 q1 Jj2 D2 q2 Jja p3 q3
Az ) ) . R3—R10R2;81 pR3—R10R2;06,
D.]4]3(0-12) B.]SBSB.]lﬁl B.?QﬁQ B q3; P1 P2 B P3; q1 Q2 (51)

All repeated indices in the r.h.s., which do not appear on the l.h.s., are summed. This is
conveniently represented in a diagram as in figure . The diagram contains two kinds of
vertices. Filled circles labelled by 71, 72, 73 represent inner-product couplings (or Clebsch-
Gordan coefficients). Open circles represent outer-product couplings (or branching coeffi-
cients) and are labelled by /31, 32 .... The diagram gives a simpler (with fewer indices) and
accurate representation of (the non-trivial part in the last two lines of) formula (f.1) from
which the formula can be reconstructed unambiguously. To reconstruct the formula from
the diagram, we insert indices for states along the edges of the diagram. We write S-factors
coupling the indices incident on a filled circle and B-factors coupling the indices incident
on the open circles. When an open circle has a single incident line, it stands for a branching
of a symmetric group irrep into the trivial irrep of a specified sub-group determined by the
u vector associated with the corresponding operator. We could make the p dependence
explicit in these vertices of the diagram or in the equivalent Bjg in the formula, but we
have followed the convention of the earlier parts of the paper, of leaving that y dependence
implicit. The permutation o5 re-orders the sequence of X,Y, Z coming from the two op-

) (1) 1 >
erators 02117/:'1 1 and (’)g;’iz 2 They lead to operators try e, +ny (a1 carg) X Xk

. . 1 2 —
which can be re-written as try e +ny) ((1 - ag)ang“( Jul )0121).
The product of branching coefficients is obtained from the sum over matrix elements.

drydr, Z DI (a1)DE2 () DX (a0 an)

n1!n2! = p1q1 p2qG2 p34g3
_ R3—Ri0R2;81 pR3—Ri10R2;8
- ZB q3; P1 P2 B P3; 41 g2 (5‘2)
Ba
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Figure 4: Diagram for three-point function

The branching coefficients express the change of basis from that of states in an irrep Rs
of S,, to that of states in an irrep R; o Ry of the S,, x S,, subgroup of S,, (where
ng = ni + ny).

The extremal 4-point function can be written in terms of branching coefficients gen-
eralising those of (f.1]), now involving 4-valent branching vertices of irreps of Sy, {n,+ns
into Sy, X Sp, X Spy;. The diagram is an easily guessed generalisation of figure || which
is given as figure f]. Here o193 is a permutation which re-orders xrD L xn® L xi® nto
XHD 4B _ e By performing the reduction of S,, into Sy, n, X Sp, and then the
reduction of Sy, 4n, to Sy, X Sy, we can split the 4-valent vertices into pairs as in figure [§.

Another approach to the 4-point function is to express the product of the first two
operators in terms of 3-point functions as follows

OAW(D’Rl (x)OA2”(2)’R2 (x)

81,71 B2,T2 o .
ApW R Aop® R AR
S EIONT <Oﬁ11fi1 1(35)0522,;;2 2(%)0;’7_/1/ (0)) Ap,R
=0 Z AR TALR 5y (T) (5.3)
RA BT (Op,77(0)05." 7 (2))

When we write out the Lhs. of (F.J) we have a product of traces
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Figure 5: Diagram for four-point function

tryen, (alX“(l) ) tryen, (agX“(z)). This can be re-written and manipulated as follows
My, 1
try ong+ng ((041 . Oég)O’lZXM TH 019 )

dR XR: 043 3) _
_Z AT/ 3 tryeng (as(ar - ag)opaXH 0121)

dR XRs (@ L
|H| ZZ . 3 3) tryens (3(ag 042)0'127X“ 7 10'121) (5.4)
Y R3

In the second line we have defined nz = ny +no , £ = pM 4+ 4? and inserted a complete
set of projectors for Young diagrams in V®"3. In the third line we have used the symmetry
of X** under conjugation by elements in H3 to insert a group average. After a redefinition

of 471

015 az(ay - ag)o1ey = @z it is easy to recognise the equality (F-d).

If we derive the 4-point extremal correlator by using (b.J) twice, we get a sum over
A R, 8,7 of figure []. This is also equivalent to figure | and figure . All these equiva-
lences can be seen as simple moves on the diagrams. This is reminiscent of applications of
group-theoretic quantities to topology via topological field theories, where such moves are
related to topological invariances of triangulations and such [[[6—[[g]. In this case the pre-
cise topological meaning of these correlators remains to be clarified. Perhaps relating the
correlators to a topological field theory - which would have to be one based on symmetric

groups (constructed along the lines of [I{]) - might be a way to progress in this direction.
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Figure 6: Splitting the 4-valent vertex into trivalents

Figure 7: 4-point as product of 3-points

The relation to one-dimensional matrix models described in section may also be helpful

in uncovering the topological meaning.

6. Finite IN projector on traces and dual bases

We have found that the complete set of holomorphic gauge invariant operators can be
described in terms of a trace basis tr(a X*) or in terms of a basis Ogi H which diagonalises
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the two-point function. In this section we will use the index B for the set (A, R, 3,7). The
content p and the corresponding symmetry group H,, are understood to be fixed. We will
use the index A for equivalence classes of o under conjugation by permutations v € H,,.
So we are using the notation O 4 for the traces and Op for the orthogonal basis. We have

Op = Z FpaOy

A
Oa =) GapOp (6.1)
B
where
D[} (a)
Fiy = —20% By smARE
GAB = dRDéZ(Oé) Bjﬁ ST’é\ ﬁl? (62)

As a side remark, note that if we rescale Og‘i H ¢6 have a Vo dr i instead of ; then Fpy =
G ap. We can show, from (f.2) that

Y Fp,aGap, = 5(B1, By) (6.3)
A
Indeed
R A1 R1 Ri nR As Ry R
Z Dpllth BJI 1571 ]11 1011 Q11Dp22q2( )BJ2 Z‘SW2 ]22 p22 EI22
R1R2 ¢g71,A1 R1 Ry gm2,A2 R1 R
=omsh ]11 Pll qlls ’ 122 Pll q1lBJ151312525J1J2
= 6120, 7,60 8255,,
= 6(B1, By) (6.4)

We used the orthogonality relations (A.3), (A.G), (B.21). Consider now

dr
G F _ DR1 B. T1,A1 R1 Ry DR2 B. T2,A2 R Ro
Z A1BYBAy = Z n! p1q1( ) JlﬁlS Jj1 P1 @1 quz( ) J2B 2S Jj2 P2 Q2

R,A,B,7
dr
_ Ry Ro A T1,A1 R1 Ri ¢g72,A2 R2 Ra
- Z DPIQl( )quz( )D]1]2( )S J1 p1 41‘9 Jj2 P2 Q2
RAT

- ZZ 7 Prian (41) Dy, (02) Dyl (1) Dty (1)
= @ Z Z —xr(e1y02y ™) (6.5)
Y R

We first recognised the product of branching coefficients as the matrix element of a projector
asin (R.20). Then we used the identity of the expressions in (B.35) and (B.37). Whenn < N,
the sum over R runs over all irreps of S,, and we have

1
Z GA1BFBA2 = ﬁ Z 5(a1'7042'7_1)
B ol

= 0(A1, Ag) for large N (6.6)

— 925 —



When the large N condition is violated, i.e. when n > N, the sum over representations
only runs over Young diagrams with first column ¢;(R) obeying ¢;(R) < N, which does
not exhaust the irreps of S,,. In this case we check that

d _
Paya, = Z > _ITXR(al’YafY D) (6.7)
’H’ Y Ric1(R)<XN G

is a symmetric projector

Ppia, = Paya,

Z PayayPasay = Paya, (6.8)
Az
To summarise
Z GAlBFBAQ - PA1A2 (69)
B

where P is the identity at large NN, but is a projector at finite N. This projector has the
property that it leaves the trace basis invariant

Z Py 4,04, = 04, (6.10)
Az

This can be obtained directly by using the Schur-Weyl duality relation (B.1§) and recalling
that for U(/V) the Young diagrams are restricted to have first column of length less than
or equal to V.

tr(aXH) = Z tr(PraX*)
R:c1(R)SN

= Z Z !XR aq) tr(a;aX*t)

Rcl( <N aq

dr _
= Z WXR(OZW D) tr(a XH)
R:c1(R)SN
1
~1H, Z Z —TXr(vary o) tr(n X*) (6.11)
" Reer(R)<N amy

In the last line we used the invariance of tr(a; X*) under conjugation by 7. To go to the

form in (p.10) simply recall that we are using A for the H,-equivalence classes of a. A

similar discussion of finite N projectors appears in the context of 2D Yang Mills in [R(].
It is instructive to define a dual basis to the traces [21], B

. Fpa B Fpa
OA_ZB:<BBT>OB_BZA; <BBT>FBA1 O, (6.12)

It follows that

Fp,4,Ga,B +
(03,00,) = > =220, 0))
17 Ag 312,1;2 <BlBI> 1Y By
= PA1A2 (6.13)
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7. Applications to gauge-gravity duality

7.1 Chiral ring; N particles in 3D SHO

Consider the space of holomorphic operators contructed from X, Y, Z. We have given a basis
labelled by (’)g’i’R. In this basis finite N effects are simply encoded by the the condition
that the Young diagram R has no more than N rows. By the operator-state correspondence
of CFT, these holomorphic gauge invariant operators map to a vector space V of states.
Now set to zero the commutators.

[X,Y]=[Y,Z]=[X,Z] =0 (7.1)

A subspace of the space of operators will vanish. This gives a subspace of V. Let us call
this subspace U. Given a subspace, we can define a quotient space V/U defined as the set
of equivalence classes of vectors modulo addition of any vector in U. We have an exact
sequence

0-U—-V-=V/U—-0 (7.2)

Note that we do not have a natural map from V/U to V. V/U is not a subspace of V.
The quotient space corresponds by the operator-state relation to the chiral ring: operators
modulo the equivalence of setting commutators to zero. There is no natural map from
V/U to V because there is no fixed choice for the representatives of the equivalence class,
so that for the chiral ring we could choose say the ordered trace, e.g. tr(XYY Z), or the
symmetrised trace, e.g. Str(XYY Z).

By choosing some representatives of the equivalence classes, we can define a map from
V/U to V. This map is not uniquely defined. But this won’t matter. Having chosen
the representatives we have an isomorphism between V and U @ V/U. There is a basis
A= (fls,fia) where s runs over the equivalence classes, and a over a basis for the null-
space. The operators O4, are chosen representatives of the chiral ring. The operators O4,
span the operators which vanish when commutators are set to zero.

Let us now restrict our considerations to n < N. Let O4 be any convenient basis, say
the trace basis. It can be enumerated using Pdlya theory. For small n it is easy to write
the trace basis by hand. Since we know the transformation between the trace basis and
the orthogonal basis Op explicitly, we have duals of the trace basis according to (.19).

The O are related to O 4 by some invertible transformation

O5=> 85404 (7.3)
A
The inverse T Ui satisfies
> SaaTap = 0xa
A

> TyaSiy =0aa (7.4)
A
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The dual basis for the O ; is given by
0% => T,;0% (7.5)
A

After using the expression (B.13) for O% we have

Z FBATAAFBAl

05 = (BBT)

g Oa, (7.6)

B,A,A;

Indeed we check

(050%) =" T,4524(050%)
AA

:ZSA,ATAA:%A (7.7)
A

For n > N, the H -equivalence classes of traces form an overcomplete set of operators.
They have to be projected using the finite N projector (B.7) in section f]. Nevertheless the
outcome of the above discussion ([f.f) can be reproduced in the finite N case. As before,
after choosing representatives of the chiral ring, we have a basis of operators O ;, which
includes those vanishing when commutators are set to zero, labelled by A,, along with the
representatives of chiral ring O 4,- There is an invertible transformation which relates this
basis to the orthogonal basis

O1=> DipOs (7.8)
B

Op = ZD;,IZXOA (7.9)
A

The sum over B is constrained by ¢;(R) < N. A dual basis for the O ; can be given as

Op

. -1
O3 = ZDBA (BBT) (7.10)
B
It is easy to check that
(050%) = b4z (7.11)

Now we would like to express the duals in (7.10) in terms of a transformation of the
redundant, non-orthogonal, yet convenient trace basis O4. Expanding Op in terms of O4
in (7.§) and using (7.9) in the equation for O4 in terms of Op, we get

Of=> 55404
A

Os = Ty;0;4 (7.12)
i
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where S, T are defined by
Sia =Y Dipkoa
B
Tyi = ZGABD;I (7.13)
B
Unlike the large N case, S, T are not inverses of each other, but instead we can derive
> SaaTai, = 04,4,
A
> Ty 4Sia, = Paias (7.14)
A

where Pa, 4, is the finite N projector defined in section f|. Using ([7.13) we can obtain an
expression for D71 as

-1
D= FpaT,; (7.15)
A

This allows us to rewrite ([7.10) as

Fpa, Ty iFBa
* S 1
OA Z (BBT) O4 (7.16)
B,A;,A

This is identical in form to ([(.§) but now understood in a finite N context.
The duality equation (f.11) can be unpacked to give

<0*~So}a> =0
(03,04, ) = 3
® J
( Z%OEE ) = 6 (7.17)

From the first equation it is clear that the space of operators spanned by O gives the
orthogonal complement of the null space U. This orthogonal complement is {mique. It
does not depend on the choice of representatives of the chiral ring. Note that we have
characterised the orthogonal complement without having to diagonalise the metric on the
space of states spanning U. We do not expect this orthogonality relation to be renormalised
and indeed this has been shown at 1 loop for certain quarter BPS operators in [23]. The
operators containing commutators (corresponding to the subspace U) are the descendants
of long operators at all values of the coupling (they will mix amongst themselves but
the space U remains invariant). Therefore since we do not expect mixing between short
operators and long operators, the space orthogonal to U will also not change.
It is very interesting to consider the metric

(03, OL ) =Gy (7.18)

J
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on the short operators. We have

~1 -1
<O*~OT~*> — DABDA’B
AY A (BBf)
v Fpa, F
BA1 'BA
- 3 Bk 7 a
B,A1,A2

When A, A’ are restricted to the flsi, flsj i.e. to the subspace V/U, then ([.19) gives G*. The
metric ([.1§) should not be renormalised. These non-renormalisation theorems have been
shown at one loop by direct calculation in the case of quarter BPS operators of dimension
up to eight [P4, PJ]. They can be proved using the insertion formula, first applied to the
correlation functions of half-BPS in 25, and applied to more general protected operators
such as the quarter- and eighth-BPS operators considered here in [@, ] Furthermore it
was shown there that the extremal higher-point correlators should also be non-renormalised.
It would be very interesting however to have some checks of these non-renormalisation
theorems by direct calculation at higher loops and for more general operators. The other
equations in (T.17) will receive corrections at higher orders in 932, ar- Further progress on
the metric ([7.1§) can be obtained by finding simplifications of the quantity

Fpa, Fpa,
17 bAz 7.20
EB: (BBT) (7.20)

appearing in (.19).

For large N, i.e. when the dimensions of the operators n is less than N, we can choose
as representatives of the chiral ring, the products symmetrised traces, or we could choose
products of ordered traces tr(X*Y*Z*). Either choice will lead to the same (unique)
orthogonal complement of the null-space by the above construction. For finite IV, the
essential part of the above story goes through, but it is worth spelling out where the
additional subtleties lie. There is still a well-defined subspace U corresponding to vanishing
operators when commutators are set to zero. There is a well-defined quotient space V/U.
By choosing representatives of the chiral ring, we have an isomorphism from V to V &
V/U. In this case we are not committing ourselves to choosing symmetrised traces as
representatives, since there could be complicated relations among them at finite V. All we
need is that there exists some choice of representatives. The form of possible convenient
choices will follow by looking more explicitly at the form of the finite N projector (b.7).

The quarter and eighth-BPS gauge invariant operators should be related to giant gravi-
tons generalizing the analogous connection in the half-BPS case. It has been argued that
the physics of the eighth-BPS giants [RJ] is given by the dynamics of N particles in a 3D
simple harmonic oscillator [BJ—BZ]. States of harmonic oscillator system

N

H a;iljlvni%niS‘O> (7.21)

i=1

The index i labels the particles. The natural numbers (n;1,n;2,n;3) label the excitations
along the x,y, z direction for the i’th particle. When we take an overlap of such a state
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with excitations n;, with the conjugate of another state with excitations n}, we get an
answer proportional to

H S(Nia, Mly) (7.22)

In the leading large N (planar) limit there is a simple map between the harmonic oscillator
states and gauge invariant operators, which preserves the metric. The above SHO states
can be associated with

[ str(xmy™2zms)|0) (7.23)
i=1
In the leading large N (planar) limit, it does not actually matter whether we choose
symmetrised traces or ordered traces. This because different trace structures do not mix,
and mixings between different orderings within a trace are also subleading in 1/N. With
either choice, we have the orthogonality ([7.22) following from correlators of gauge invariant
operators. But this does not work at subleading orders in 1/N or at finite N.

The discussion above, in terms of duals, gives a formula (f.19) for the metric G* for
the short representations. This formula works to all orders in the 1/N expansion or at
finite N. The formulae given above in terms of Fpa,Gag,Sj;4,T,; give a way to work
out G*. After one diagonalises G*, there should be a map from the orthogonal basis of
short operators to the SHO states ([.21)). The correct explicit form of such a map remains
an interesting open problem. We have only offered a recipe based on the F, G, S,T which
can be applied in a case by case basis to write down G*.

We also expect that extremal correlators

(03, (21)0},, (22) -~ O}y, (@)L (wn41)) (7.24)

are non-renormalised. They are expected to receive no corrections away from their zero-
coupling values, either at 1-loop or higher loops or non-perturbatively. At strong coupling
they are related to supersymmetric eighth-BPS giant gravitons. The correct map between
linear combinations of operators 07 and observables in the N-particles in 3D-SHO should
also allow a matching of these extremal correlators.

A better understanding of G* should also help in making contact with quarter
and eighth-BPS generalisations of LLM geometries. These have been discussed recently
in B3, B4]. For example the geometric description of boundary conditions required for
regularity of solutions, given in [BJ should have a counterpart in the parametrisation of
corresponding gauge invariant operators with metric ([[.1§). Combining the results on
three-point functions in [f| along with the projection to the chiral ring in [ should lead
to the three-point functions relevant to the strong coupling limit. Following the argu-
ments developed in [BY] these three-point functions contain detailed information about the
generalised LLM geometries.

7.2 Supergravity and (’)g’i’R

In the above discussion we have discussed the spacetime interpretation of the zero-coupling
gauge-invariant operators by first considering their weak-coupling counterparts, which in-
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volves a projection to the orthogonal subspace to the operators which vanish when com-
mutators are set to zero. A direct space-time interpretation of the zero-coupling diagonal
basis ngi’R would be desirable. Of course by AdS/CFT duality such a description must
exist, but because R = (gsINV )1/ 4], this description will be at strong curvature, where
SUGRA methods are not applicable. In this tensionless limit of string theory there is
also an interesting supersymmetric version of the Higgs effect discussed in [B—BY], which
relates to some of the holomorphic operators we have considered becoming part of long
representations.

We may consider the S-duality g; — gis which will map us to the large radius regime.
In usual discussions of AdS/CFT, one uses the S-duality to fix gs < 1. Any R is then
accessible by tuning N. However, when the objects of interest include finite NV effects as a
function of coupling as well as a transition from zero to infinitesimal coupling, it is natural
to consider the large g region at finite N. By the S-duality the jump in SUSY states
from zero to infinitesimal coupling will then become a jump from finite radius to the flat
space limit. It would be interesting to explore supergravity approaches to this regime, and
perhaps in this context the zero-coupling diagonalisation, and the associated parameters
(A, u, R, 3,7) can be interpreted in terms of parameters of spacetime solutions.

7.3 Reduced multi-matrix model

There is a reduced complex multi-matrix model obtained by reducing the free action for
the scalars of 4D N =4 SYM on S® x R.

/ dt Y tr 9 X0, X] + tr Xo X] (7.25)

The Gauss Law constraint requires a projection to gauge invariant (traced) states. Follow-
ing [fl] (see also [Eq-[d]), the Hamiltonian is

H=> tr(AlA, + B{B,) (7.26)

The index a is a flavour index which runs from 1 to 3. The operators A,, B, also carry
matrix indices and obey

[Ags, AlF] = 60]0"
[Bo%, BiF] = 6.,010%
[A,A] = [B,B] =0 (7.27)

The BPS states satisfy £ = J; + Jo + J3. The U(1) x U(1) x U(1) charges are
J, =tr(Al A, — BIB,) (7.28)

The BPS states are constructed by acting with A only, and no Bf. We can construct
operators in this matrix quantum mechanics by replacing the X*# of earlier sections with
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sequences built from Af. The p; copies of X1, us of X etc are replaced by 1 of A]; etc.
Our results on the diagonality of correlators imply immediately that

(OO (a) 0 R a0y = gn T ghidagRaRegy o 5 (7.29)

B1,71 B2,T2

Similarly our results on extremal correlators have counterparts in this multi-matrix quan-
tum mechanics.

From the matrix oscillators we can construct composites g, Tf which obey U(N) and
U(M) Lie algebra relations under commutation.

Ea = AL Ay + Bl By

T, = Alj A + BliB.Y (7.30)
Higher Hamiltonians can be constructed as tr(7") and tr(E™) which commute with the
Hamiltonian H. Their eigenvalues, when acting on states, (’)g’i’R(AT)\@ are invariants
(Casimirs) depending on R, A respectively. It is an interesting question whether there are
conserved charges which measure 7 and [ directly. Such conserved charges may help in
finding a spacetime interpretation following the discussion of [&J] in the half-BPS case.
These multi-matrix models have also been discussed in [i4] where they were related to
Calogero models. Expressing our diagonal operators in the fermionic variables may be
useful in clarifying the integrable structure.

8. Conclusions and open questions

We have given a diagonal basis for correlators in an N x N matrix theory with U(M) global
symmetry. This has applications in the zero coupling limit of ' = 4 SYM. Holomorphic
operators in the three complex spacetime-scalar matrix fields are BPS at zero coupling.
For the two-point functions of these holomorphic operators with their conjugates, we have
a diagonal basis. Some of these operators become part of long representations at weak
coupling. We have given a characterisation of the orthogonal space to these long opera-
tors, which are genuine eighth-BPS operators. Our discussion is valid at finite N. This
gives a framework which can be used for the comparison of computations in the N-particle
3D-SHO, which comes from eigenvalues dynamics, with the gauge invariant operators. In
particular extremal correlators of the genuine eighth-BPS operators computed from the
gauge-invariant set-up of this paper should agree with those computed from eigenvalue
dynamics. Explicit formulae for the two-point functions of these genuine-BPS operators
can be obtained from this paper, but a natural diagonalisation on this subspace remains an
open problem. This will be useful in setting up a comparison with results from eigenvalue
dynamics. It should also allow a better understanding of the mapping from the geome-
try of giant graviton moduli spaces to the space of diagonal gauge-invariant eighth-BPS
operators at finite N, generalising the geometrical explanation [ of the stringy exclusion
principle [A5].

It would be desirable to have a spacetime interpretation for the diagonal basis in the
full set of holomorphic operators. By AdS/CFT there should certainly be a stringy inter-
pretation. Whether there is an interpretation in the supergravity limit is a very interesting
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question. We have speculated, using S-duality that the answer is positive. Progress on
these issues would be fascinating because it would give a spacetime interpretation to the
parameter 7 which runs over the Clebsch-multiplicities of symmetric groups. A simple
algorithmic method for determining these multiplicities in terms of manipulating boxes of
Young diagrams, analogous to the one available for Littlewood-Richardson coefficients, is

still an open problem in symmetric groups. A spacetime interpretation of Oé\f o

might
provide stringy insights into this problem.

Many of the techniques in this paper should extend to other gauge groups. The SU(V)
gauge group case could be developed along the lines of [[[3, fd, 1] and orthogonal and
symplectic groups along the lines of [7]. Another generalisation is to consider operators
made from X,Y, Z along with XT, YT, ZT, and to organise them according to the degree of
singularity in their short distance subtractions. For the case of X, XT this was done in [i§]
using Brauer algebras. We can also consider the more general protected operators defined
in [I9). Another interesting line of research is to clarify the dynamics of strings connected
to eighth-BPS giant gravitons in gauge theory and their connection to space-time geometry.
A lot of progress in this area has been made for the half-BPS case (see for example for
some of the initial developments and further references [0-p4)).
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A. Formulae

The matrices of any representation satisfy the following property, which follows from
Schur’s Lemma

|
3" DE@)Df(o7") = 267566 (A1)
gESy dR

We will use orthogonal representation matrices, where orthogonality guarantees that
R/ _—1 R
Dij(f’ ) = Dji(o') (A.2)
This means that for orthogonal matrices equation (A1) becomes

n!
> Df{(o)Dji(0) = d—aRsaikaﬂ (A.3)
oESH R

A.1 Clebsch-Gordan coefficients for the tensor product

The Clebsch-Gordan coefficients allow us to write operators in the (inner) tensor product
space S ® T, such as DZ-S]- ()DL (o), in terms of operators in a single representation R. We
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obtain them by inserting a complete sets of states
Dji(0)Dfy(0) = (S, T, k| 0| S, §; T,1)
S (ST HR ) (Rl | R ) (R S5 T

R,R/ TR, TR

= > (S.i;T,k|R,mr,a) D (o) (R, 7r,b|S, j; T, 1) (A.4)

R, TR

where the label T runs over the multiplicity of the appearance of R in the inner product
S ® T. Since the representing matrices are real, the Clebsch-Gordan coeflicients are also
real, so we can write

SRR ST — (G 5T k|R, TR, a) = (R, TR, alS,i; T, k) (A.5)

The Clebsch-Gordan coefficients satisfy the following orthogonality relations [

ZSTR,R Uuv STs,S U V 5R557'R7'55 (A.6)
j?

SNV SR Y = dad (A7)

TR R a

From ([A.4) we can then derive

ZD 0)D}y(0) STE T = "Dfi(o)s™f 7 | (A.8)
t
n' T, T,
> D@D = S s (A9
TR

Note that, by taking traces in (A.9) and using ([A.g) we can recover C(R, S,T) (C-3) which

comes from the sum over 7p.

B. Some basic linear algebra

We often meet the following simple situation in this paper. We have a vector space of
dimension d, V¢, sitting inside a vector space of dimension D, V. We have a projector
P;; which projects onto the smaller vector space, ie

Vd =V; 1V = Pijvj . (Bl)
Then if we can write the projector as
d
Py = bigbjs (B.2)
B=1
where

> bigbig = b (B.3)

then the vectors vg := ). bigv; provide an orthonormal basis for the subspace Ve,
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C. Counting proofs

C.1 Explicit gauge-invariant proof

The formula for the number of gauge-invariants operators (including multi-traces) made
from fields pq of X1, pe of Xo, ... upr of Xy is given by Polya theory to be the coefficient

of zf" --- 2k} in

o
1
I1 C.1)
2 r (C.
S EEIC
11,82,
_ i1! )
= 2 2 g
582,00 \gl,. M| Y i¢=iq
Z ig! 2i} 2il
X le IIZ'M
1 M o (5% -
igsdy" [0 15 =12
_ Z Z i! io! G2 2t
= - YE YIRS ] cexgl
RERE S KT IRERE E e

1,02, {191 {iS )}, Do i =11,D 0, 1§ =12,

In the third line we have used a generalised binomial expansion; in the fourth line we
have collected coefficients of z1, etc. So we pick out the coefficient with pu; = i + 23 +
oo = a0 4+ 260 4 ... This makes the coefficient

Ly Myl MYy
({0}, it 42k (1T T2

The coefficient C(R,S,T) for T in the inner product for S,, representations R ® S =
> C(R,S,T)T is given by

C(R.ST) =Y ,Sym—l(ci),mcm(comco (C3)

Notice that it is symmetric in R, S,T. Cj represents the conjugacy class of S,, with i1 1-
cycles, ip 2-cycles, . .. i, n-cycles (of course we have ) i, = n, which is just the condition
that Cj is in S,). |Sym(Cj)| is the size of the symmetry group of the conjugacy class Cj
and satisfies

. . . n!
ISym(Cy)| = 117 - 621272 -, Inin = (C.4)
jey]
Here |[C}]] is the size of the conjugacy class of Cj.
We can immediately simplify >, C'(R, R, A) using the orthogonality relation
> xr(p)xr(r) = [Sym(r)| §([r] = [p]) (C.5)
R
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We get
YTCOR.RA) =D xalCh) (C.6)
R

CieSy

Now apply these formulae to the expression for N(ui,...ppr) in terms of
representation-theoretic data

N(pa, .- pnr)

= Z Z C(R, R, N)g([pal, - [parls A)
=> >l Z C > X (P X (Par)xa (P10 -+ 0 par)

A CieSn p1€5u1 p]uGS‘LA{

Here we have used the formula for Littlewood-Richardson coefficients

g(Ry,... Ry T) = Z =Y xmi(p1) - Xr(pr)xr (Lo o py)  (CT)

p1 Esnl pkesnk
But of course we know that x,(p) = 1 Vp and we can perform the R sum

N(u1, ... par ZZX/\ Z - Y xalpro--opu)

pl €Sy PMESuy,

Z - Y [Sym(pro---opur) (C.8)

P1ES, MES;”\/[

If we sum over conjugacy classes Cia in S, instead we get

1
N(le--NM):ﬁ Z Z [Carl- - [[Cin][[Sym(Cyn 0 -+ 0 Ciar )|
HE M 6 Tes, G €80y,
. Z Z ]Sym(Cilo-"OC'iM)\
[Sym(Cip)[ - - - [Sym(Ciar )|

Cil ESHl CiM ESH]M

=2 2 AMVall MMM (€-9)

Cil GS‘LI CiM GS‘LA{

Finally we identify this with the Pélya theory result (C.2). Note that the quantity summed
here can also be recognised as the character of the representation of S,, induced from the

trivial representation of the subgroup S,, x ---S,,,

D =>_g(ml,- - [ual; A)xa(Cs) (C.10)
A

C.2 Example of the counting

Consider the counting for operators with fields X XY'.
The relevant S outer product is

2] o [1] = [3] @ [2, 1] (C.11)
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which gives us

=Y > C(R.R;A)g([2], [1; )
R A
=> {c 3])) + C(R, R;[2,1])} (C.12)
R
The relevant inner products are
Bl @ [3] = [3]
2,1]]®[2,1]=3]®[2,1] @[1,1,1]
[1*] ® [13] = [3] (C.13)
So we get
N(2,1)=3+1=4 (C.14)

This counts correctly for tr(XXY), tr(XX)tr(Y), tr(XY) tr(X) and tr(X) tr(X) tr(Y).

C.3 Trace counting
The counting formula is give by (C.9)

M) = oy 3w 3 G0l [CuliSyn(C oo Con)
1650 CimESuy
1
= = > Sym(h)| (C.15)
A e

We need to count tr(aX{" --- X{) up to the equivalence relation
a~htah, he H (C.16)

One way to find the number of equivalence classes is to sum over all «, dividing by the
size of the equivalence class of each «

1
N( .. 1=
(- Z a; 11| a; no. of distinct 8 € S,,|8 = hah~! for h € H
(C.17)
Naively we might think that
[no. of distinct 8 € 9,8 = hah™! for h € H| = |H| (C.18)

We must however be careful: elements in H might also be in the symmetry group of «
(Sym(a) = {0 € S,|la = cac™!}). To hit unique ’s we must use not H but the coset

H/[Sym(«) N H]
[no. of distinct 3 € S,|3 = hah™! for h € H| = |H/[Sym(a) N H]| = A
[Sym(a) N (Ié |

19)
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Thus we get

1
N(pa, ... pm) = ] > ISym(a) N H]
ocESn

= |—11{| Z Z[s.t. o = hah™!]

aeSy, he H

= ]—I;] Z Z [s.t. h = aha™!]

heH a€eSy,

= 7 2 Isym(h) (C.20)

D. Calculating branching coefficients

A
Djljz

subspace is given by the rows/columns of the matrix DJ-A1 j»(I'). We want to find the branch-

(T") projects onto a subspace of the S,, representation A with dimension g(u; A); this

ing coefficients B;z given by

A
Djljz I) = Z Bj 3Bj,s (D.1)
8

We work out some examples below.
D.1 Highest weight case

For the highest weight state with = A (for which g(u; A) = 1) Hamermesh’s basis works
such that
D (T) = 65,1051 (D.2)

Thus the subspace is spanned by a single vector B; = ¢;1, which satisfies all the appropriate
properties.

D.2 All fields different case
For p1 =1,...up =1, i.e. all the fields are different, then H = id and g(u; A) = dp

DA,(T) = DA, (id) = 6,5, (D.3)

JiJ2 Jijz2

The most obvious basis satisfying the correct properties is Bjz = d;3 (see XYZ example
below).

D.3 A =[2,1]

T DAY (1) < SDBI(1)@)3) + (12)(3)

1 A=[2,1],u=XYY i @ % 1 V3
4 1

I
/N
O =
o O
N~
I
N
O =
N~
—~
—_
(e}
~—
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Note that for this last one the columns/rows of the matrix aren’t independent (which

concurs with the fact that g = 1), so the subspace is spanned by the first column say.

N 10 1 0
L pA=R21p=XYZ ) _ _ D.
i 0=, o) (ro)+ () (o) (D.5)
D.4 A=[3,1
. 100 1
L A=A u=XXXY Ty _ _
Vil T)=1000 0| (100)
000 0
12 %
1 A u=xxYY _ \% ;’ _ | v2 1 V2
|H|D =1 30]|= V3 (\/3 \/§0> (D-6)
0 00 0
L opa=Bau=xyyypy | V2 o2 2B | | V2 | (L2 e D.7
|H| () 9 9 9 3 3 3 3 ( )
V6 2v3 2 V2
9 9 3 V3
10 0 1 0
1 s
ﬁDA—[?’JW—XYYZ(F): 01 2]1=1o0 (100)+ L (038)
g¥3 3 0 v3
4 4 2
1
L A=Y u=XYZZ ; @0 ’ ? 1 V2
TR IE i N (1) (001)+| 2| (& %o)
0 01 0

E. Examples of the operators

We will work out the operators (’)A’i’R given by (B.2§)

oyt = ZB STMEE DR (a) tr(a XP) (E.1)
E.l1 XY
We have
Dw)y=1 Do) =(-17 Vo (E.2)

For XY, p=[1,1], H = S; x Sy and g([1],[1];[2]) = g([1],[1];[1,1]) = 1. This means
there is only one possible value of 3 for each choice of A. By; = 1 for all A.

Since there are no R for which C(R, R,[1,1
each R, C(R, R, [2]) =1, so there is no 7 multiplicity. Thus our two operators are

ZD
ZDII

]) is non-zero, we only have A = [2]. For

OA=[LER a)tr(a XY ) = ;[ tr(X) tr(Y) + tr(XY)]

OA=I2LR=I11] _ o XY )= ;[ tr(X) te(Y) — tr(XY)]
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E.2 XXY

We have
pile)=1  DiMe)=(-1)7 o (E:3)
and
DEU((1)(2)(3)) = (3 ?) DEY((12)) = (é _01>
13 L1 _\3
D[27”<<23>>=<¢§ %) D[Q’”<<13>>=< % )
22 22
L1 3 13
D[2v”((123)):< = 21> D2Y((132)) = <¢§ f)
T2 T2 2 2

By the counting there are four possibilities: A = [3] with R = [3],[2,1],[1,1,1] and
A = [2,1] with R = [2,1]. For these possibilities C(R, R, A) = 1 so there is no 7 multiplicity.
g([2],[1]; [3]) = ¢([2],[1];[2,1]) = 1 so there is no [ multiplicity.

For XXY, p = [2,1] and H = Sy x S1. For A = [3] By; = 1 and for A = [2,1]
Bj1 = 6;1, since this field content is a highest weight state for this A.

We can work out the relevant Clebsch-Gordan coefficients up to a sign using the iden-
tity (A.9) when 7 only takes a single value

(SAER) = ZD 0)DF,(0) D (0) (E4)

To fix the sign we must work out identities such as ([A.§) explicitly. We get non-zero values

1
STRE = —ou
dr
1
gl21] [12,1} 2y _ 1
2
2.1] [2,1] 2, 1
s i - _

So we have

A 3] 3]
ookt —3,2 SE R EDE () tr(a XXY )

Z Xr(a)tr(a XXY )

:3!\/dR .
A=[2,1],R=[2,1 2.1] [2,1] [2,1] ~[2,1
o = 3,Z S EARARP ) tr(a X XY )

3'2 < DY —TD[2 Y(a )> tr(a XXV )

1
— WG [tr(Y) tr(XX) — tr(X) tr (XY)]
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E.3 XYY for A =[2,1]

A=[2,1],R=[2,1 + AA=[2,1],R=[2,1
ONE AN Z 7 12,1)(Ss) — 81 x Sp,1[2,1], ) O B LR
J

1 A=[21),R=]2,1] V3 A=[2,1],R=[2,1]
=505mp=12 5 Oj=2=iy
- 3%/5 (V) tr(XY) — tr(X) tr(VY)]

E.4 XXYY for A = [2,2]

We have C([Za 2]a [3a l]a [3a 1]) = C([Za 2]a [Za 2]a [Za 2]) = C([Za 2]a [Za L, 1]’ [2’ 1, 1]) =1 and
C(12,2],[5],[5]) = C(]2,2],[1%],[1%]) = 0. This field content gives the highest weight state
for A=[2,2]. Here », @ " =X Y - Y ® X.

1
OA=RAR=2 — _— [tr(®, D) tr(®") tr(D°) + tr( P, D" D
575 () (@) () -t )
_ _ 1
OA=R2AR=BA = [tr(D,®,) tr(D7) tr(®°) + tr(B,By) tr(B7 %) — tr(P, D" D, P°)]
126
_ _ 1
OA=R2ALR=R1A) — — [40($,®,) tr(®") tr (%) — tr(P, ;) tr(D7B°) — tr(D, D" B, D))
12v/6
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